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Areas of curves

1. Area under a curve — region bounded by the given function, vertical lines
and the x —axis.

2. Area under a curve — region bounded by the given function, horizontal
lines and the y —axis.

3. Area between curves defined by two given functions.

1. Area under a curve — region bounded by the given function, vertical
lines and the x —axis.

If f{x) is a continuous and nonnegative function of x on the closed interval [a, b], then the

area of the region bounded by the graph of f, the x-axis and the vertical lines x=a and x=b
is given by:

b
Area = _[f(.r)dr
AY ﬂ

i (<)

a b x
When calculating the area under a curve f{x), follow the steps below:

1. Sketch the area.

2. Determine the boundaries a and b,
3. Set up the definite integral,

4. Integrate.

EX. 1. Find the area in the first quadrant bounded by f(x)=4x - x” and the x-axis.
Graph:

fx) = dn = x?

To find the boundaries, determine the x-intercepts: f(x)=0—>4x—x" =0
x(4-x)=0

x=0or (4-x)=0sox=0andx=4
Therefore the boundaries area =0 andb =4

Page 1 of 9



2 4
Set up the integral: A = If(x}dr = I{-ﬂl.l: — x7)dx
a 0

Solve:
"‘ , PE T RAEO 1o g B
!(41-;: ):ir—[d--i,r e ]n _(z,s: =3 ]n _(2-(4} -5(4) )-[2-(0) -E(n)}
=(2-1v5.-1-«5-4)—n=E
3 3

2
The area in the first quadrant under the curve f(x) = 4x — x" is equal to 5 square units

Ex. 2. Find the area bounded by the following curves: y = x' =4 y=0,x=4,

Graph: A
l'i/ ’
B ' -
\_ a b
Y
Finding the boundaries:

y=x"—4, and y =0 implies x> =4 =0s0 (x—=2)x+2)=0
x==2orx=2

From the graph we see that x = 2 is our boundary at a. The value x = —2 is a solution to the
equation above but it is not bounding the area. (Here's why the graph is an important tool to help
us determine correct results. Don't skip this step!)

The other boundary value is given by the equation of the vertical line x =4,
Boundaries are: a =2, and b =4,

Set up the integral:
b 4
A= J'f(x}dx - _[{f — d)dx
a 2

Solve:
4

:[{Iz —4)dx = [%f —4,=:J1 = [%-(4)3 -4.4)_(%.(2)3 _4.2)

2 3 3 3 3 3

Y.
The area bounded by the curves y = x” —4, y =0, x = 4,is equal to 3 square units.
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2. Areaunder a curve —given function, region bounded by the horizontal lines

and the y —axis.

In certain problems it is easier to rewrite the function in terms of y and calculate the area using
horizontal elements. In this case the formula for the area would be:

d
Area = [ g(y)dy

When calculating the area under a curve, or in this case to the left of the curve g(y), follow

the steps below:
1. Sketch the area.
2. Determine the boundaries ¢ and d,
3. Set up the definite integral,
4. Integrate.

Ex. 3. Find the first quadrant area bounded by the following curves: y = xr+2, y =4and

x=4).

>

“wertical
elements™

Y

There are two ways to solve this problem: we can calculate the area between two functions y = 4

and y = X +2 using the vertical elements and integrate with respect to x, or we can use the

Typical tectangle
{with width of dx)

“horizontal

elements”

I

Typical rectangle
{with width of dv)

horizontal elements and calculate the area between the y-axis and the function y = x*+2

integrating the functions with respect toy.

We will solve it using the second approach by considering horizontal elements and the function in

terms of y.
d

The formula we will use is: Area = I g{_}f)d_*.-‘ , 50 we need to determine the boundary values

¢ and d first.
The boundary value d corresponds to the horizontal line y

the y-intercepts. Therefore set x = () and solve the equation y = x* +2 for y; hence y = 2. So the

boundaries are c = 2and d = 4.

4. To calculate ¢, we need to locate
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Now we need to find our g(y). That is easily done by solving y = x* + 2 for x.

y=x"+2
x'=y=-2
x=%xJy=-2

We will ignore the negative radical, since our area is in the first quadrant.

4
Now let's set up the integral: A = Iﬂl'y - 2dy

Solve the integral using a simple u substitution:
4
A= i,’y-—Zd}* = %(ﬂ}*-—Z)J = %(44-2)3 HE(JZ'"Z]J = %(\Er -0= %squam

units.

The first quadrant area bounded by the following curves: y = x” +2, y = 4and x = 0 is equal to
42

T square units.

Ex. 4. Find the first quadrant area bounded by the following curves: y =arctanx, y = E and

=1,

Since it is much easier to integrate x = tan y than y = arctan x, we will rewrite the given
function in terms of v, and integrate using the horizontal elements and the formula:

d
A= Ig(}')ﬁf_}‘tn find the area. The function y = arctan x implies x = tan y. So g(_v)z tany.

The lower boundary c¢=0 is easily obtained from the graph or by solving the equation

arctan x = (). The upper boundary is given by the equation of the line: y = % :

7
So the area we are looking for is given by the following integral: A = Ilan vy
0
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Solving the integral yields:

7 7
jtan ydy =~ In|cos }-||n* ==In
L]

— = In|cos =-In£+lnl=
(- neos )= -1n %

T
COSs —
4

In2-Inv2+0= mz%m&%mz

So the first quadrant area bounded by the following curves: y =arctanx, y = % and x =0 is

equal to %ln 2 square units,

3. Area between two curves.

This can be considered as a more general approach to finding areas. Thus each of the previous
examples could have been solved using such an approach by considering the x- and y- axes as
functions with equations y=0 and x=0, respectively.

Many areas can be viewed as being bounded by two or more curves. When area is enclosed by just
two curves, it can be calculated using vertical elements by subtracting the lower function from the
upper function and evaluating the integral.

Analogously, to calculate the area between two curves using horizontal elements, subtract the left
function from the right function.

As always, a sketch of the graph can be a very important tool in determining the precise set-up of
the integral. If you subtract in the wrong order, your result will be negative. That mistake can be
avoided by taking the absolute value of the difference of the functions.

Here is the universal formula for finding the area between two curves:

* Using the vertical elements:
b

Area = Il_’s'z —% |dx where y, and y. are functions of x

[

* Using the horizontal elements:
d

Area = J |.1t1 - X, |dy where x, and x; are functions of y.

Fa

Ex.5. Find the area of the region enclosed by the following curves: y, =e*, vy, = x:-1, x=-1
and x =1.

As always, we will first draw a sketch.
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In this case it is fairly easy to integrate the functions as given with respect to x. So the boundaries
are: a=-land b=1.
Notice that in the region that we are interested in, the function y, = ¢ is above the function

¥y, = xt -1 , thus the integral set up should look as follows:

A= fle - (e -1

Solving it:

R L I - L) = (AR ST e &

(E 2]_(1 2) 1 4 _e'-1 4 3¢’ +4e-3

-_— —_— = = =E—- _—  — - =

3 e 3 e 3 ¢ 3 3e
So the area of the region bounded by y, =e”, v, =x" -1, x=-1 and x =1 is equal to
3¢’ +4e-3

3e

square units.

Ex.6. Find the area of the region enclosed by the following curves: x, = yz -2,and X, = ¥y.
Since the first function is better defined as a function of v, we will calculate the integral with

respect to y. ”
As usual — draw the picture first:

Fa

In this case the boundaries are determined by the points of intersection of both functions.
Remember that we want the y-values since we will be integrating with respect to y.

We need X, = X, . This implies y* —2 = y and
yi=y=2=0
(v=2)y+1)
y=2ory=-l1
So ¢ =-land d = 2. The “left” function is x, = y* =2 and the “right” functionis x, = y.

; ' =(%(z]=-%(2)’+2-2)-G{-1)’—-;-(—l)’+2-(-l)J

A=I(:f-(yz-2) y==y? -2y +2p

= 2 3 =
=(2_E+4J_(l+i_z)=5_§_1+2_1=4l=25quareumts
3 Z .3 3 3 2 L
So the area of the region enclosed by the curves: x, = y* =2, and X, = Vis equal to — square

units.
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Ex.7. Find the area of the region enclosed by the following curves: y =x", y=x+6, x=0

and x =235
As usual - sketch a rough graph first: A

In this case it is very important to draw the graph, since the functions intersect between the
boundaries. This means that we will have to actually calculate two separate integrals and then add
the results, Otherwise we would end up subtracting the two pieces from each other,

First we need the “middle” intersection point so we will solve the equation: x> = x +35
x?=x-5=0
(J: - BXI + 2) =0
x=3orx=-2
The intersection point at x = —2 is outside our area. We are interested in x = 3, this is our
“middle” boundary value,
In this case the integral set-up will look as follows:
: 1 Y i
x+6—x" Jdx+ [(x* = (x+6)x=| =x*+6x—=x'| |+|=x*-—=x¥* -ﬁx| =
o 6-athre et~ (eo = 1ot oee o oA Lo |
1 .5 1 1 L . 1 s
=(—-3‘ +ﬁ-3—--33)+(--53 -—-9° —6-5]—[--33 -—-3° —ﬁ-3)=
2 3 3 2 3 2

E+]8—9+E—§—30—9+E+13=ESQHEI’EUHHS.
2 3 A 2 6

A=

:-‘-—-.u

So the area of the region enclosed by the curves: : v = Xt y=x+6, x=0and x=35

; 157 ;
is equal to T square units.
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